
Frege, Russell, and Analytic Philosophy 

I. Introduction to Frege 

• Friedrich Ludwig Gottlob Frege (1848-1925), German.  

• Born into a Lutheran family of schoolteachers on the 

Baltic coast of Germany. 

• He briefly attended the University of Jena, but moves 

to Gottingen where he gets his Ph.D. in 1873.  

• He returns to Jena as a lecturer and reaches there for 

the next 44 years, becoming a professor in 1879.  

• His life was pretty uneventful, and he seems to have 

devoted himself to his philosophical studies at the 

exclusion of much else.  

• His first important work was the Begriffsschrift 

published in 1879 in which he develops a new 

notation system for logic and also a new logical 

system.  

• His two other important works are the Grundlagen 

der Arithmetik (1884) and Die Grundgesetze der 

Arithmetik (1893 and 1903).  

• In all three of these works he is trying to demonstrate 

the relation between logic and mathematics. In 

particular, he wants to show that all the truths of 

mathematics can be derived from logic.  

• This would demonstrate that math is analytic a priori 

(in contrast to Kant who argues it is synthetic a 

priori). 



• He is the founder of modern symbolic logic and is an 

enormously influential figure in philosophy. 

• The greatest irony in his life is that his most well-

known contribution to philosophy was shown to be 

fundamentally flawed before he even published it.  

• After this he seems to have abandoned publishing to 

focus on his teaching.  

II. Modern Symbolic Logic 

• Logic is invented by Aristotle when he realizes that 

we can look at the form of an argument abstracted 

from any particular content in that argument.  

• The logical system Aristotle creates (called 

Categorical or Aristotelian logic) is the logical system 

until Frege.  

• Aristotelian logic focuses on the relationships 

between categories: 

i. All whales are cetaceans. 

ii. All cetaceans live in water. 

iii. Therefore, all whales live in water.  

• Propositional logic, which is created by Frege and 

developed by many other instead focuses on 

propositions and logical connectives that link those 

propositions to one another. 

i. If something is a whale, then it lives in water. 

ii. Shamu is a whale. 

iii. Therefore, Shamu lives in water.  



• While Frege’s notation has been abandoned, the core 

insights of his approach form the basis of modern 

logic to this day.  

• Frege took things further and developed what is 

known as a predicate calculus, which is a logical 

system that give sus insight into the internal structure 

of propositions and allows us to work with quantifiers 

like “all” “some” “no” or “none.” 

• This allows one to deal with sentences like “Nobody 

knows everything,” or “Every boy loves some girl.”  

III. Set Theory 

• Frege’s goal was to define mathematics in terms of 

purely logical concepts. 

• He defines numbers as classes or sets. 

• A set is just a collection of things and you can collect 

anything into a set.  

• He begins by defining a set that doesn’t contain any 

members called the Empty set or the null set: 

{} 

• Frege defines this null set as zero.  

• You can then create a set that only contains the null 

set: 

{{}} 

• This new set has one member, the empty set, and 

Frege defines this as one.  



• You can group this set and the empty set into a new 

set: 

{{}, {{}}} 

• This is a set with two member, zero and one, and is 

defined as the number 2.  

• In this way Frege can define all numbers. A number is 

just defined as the set of all sets containing as 

members as that number. 4 is the set of all sets 

containing four members.  

• In this way he can define numbers without making 

any metaphysical assumptions about what exists 

because we can literally build up these sets from 

nothing.  

• We can then define rules for combining sets with one 

another and this allows Frege to define arithmetical 

notions like addition.  

• So, by defining mathematical concepts as set 

theoretical concepts, since sets are purely logical 

constructions, math is purely based on logic and is 

this analytic a priori knowledge.  

• For Frege concepts are mind-independent, meaning 

they are objective, real features of reality. 

• Classes and numbers are just concepts, meaning they 

are also objective, real features of reality.  

• So, classes or sets are objects.  

IV. Introduction to Bertrand Russell 



• Bertrand Russell (1872-1970), English. 

• He was born into the British Aristocracy, but his 

family was politically and socially liberal, they were 

also atheists and had very liberal sexual attitudes.  

• His parents died when he was young and he and his 

siblings went to live with their grandparent. His 

grandmother was quite progressive for the time.  

• He was very depressed as a child, but found great 

meaning in studying math, which he claimed saved 

him from suicide.  

• By the time he was 118 he was a declared atheist.  

• He went to Cambridge where he was an 

accomplished mathematician as well as a student of 

political theory.  

• Around the turn of the 20th Century he began an 

intensive study in the foundations of mathematics 

and came into contact and correspondence with the 

leading figures in that field (including Frege). He 

himself would become one of these figures. 

• In 1910 he became a lecturer at Cambridge, but was 

unable to earn tenure because of his atheism.  

• In 1910-1913 he published (along with A.N. 

Whitehead the three-volume Principia Mathematica 

which led to immediate fame in the fields of 

philosophical logic and mathematics.  



• During this time he also took on Ludwig Wittgenstein 

as his Ph.D. student, recognizing the brilliance of this 

individual who would go on to be one of the most 

influential thinkers of the 20th Century.  

• During WWI he was fired from Cambridge for being a 

pacifist, and this launched him into a career as a 

public anti-war/progressive reformer.  

• In 1945 he published A History of Western Philosophy 

which was an enormously successful work and 

provided him a steady income for the rest of his life.  

• In 1950 he won the Nobel Prize for Literature. 

• For the remainder of his life he was an active writer 

and progressive political activist, generally focused on 

a variety of social justice and anti-war causes. 

V. Russell’s Paradox 

• In 1902 Frege had completed the second of three 

volumes of the Grundgesetze and was readying it for 

publication when he received a letter from Russell.   

• In the letter Russell pointed out a fatal flaw in the 

system that Frege was developing.  

• This flaw was a contradiction in the axioms that Frege 

had developed and has come to be known as Russell’s 

paradox.  

• Russell’s paradox is just a set theoretic version of a 

very old set of paradox that involve recursion or self-

reference.  



• The most famous version outside of Russell’s is 

known as the liar paradox and involves the question 

of how to interpret a sentence like “This sentence is 

false.”  

• Basically Russell found that if we talk about sets and 

classes in the way Frege did and if we allow sets to be 

members of other sets, we can generate a serious 

contradiction.  

• Russell’s paradox goes like this: “Is the set of all sets 

that do not contain themselves as members, a 

member of itself?” 

• A less abstract version: “Is the catalog of all catalogs 

that do not include themselves included in that 

catalog?” 

• This creates a paradox: 

i. If the answer is yes, then the set of all sets that 

do not contain themselves as a member is a 

member of itself. But, if it is a member of itself, 

then it does not belong in the set of all sets that 

do not contain themselves as a member.  

ii. If the answer is no, then the set of all sets that 

do not contain themselves as a member does 

not contain itself as a member, and should be in 

the set of all sets that do not contain themselves 

as a member.  

• Frege responds by quickly adding an appendix that 

covers Russell’s paradox. 



• He then attempts to rework his system to avoid the 

paradox, but this only generates further problems.  

• Asa result, Frege eventually gives up on his project of 

deriving arithmetic from logic and reverts to the 

Kantian position that arithmetic is synthetic a priori.  

• Thanks to a paper published by Kurt Gödel in 1931, 

we know that Frege’s project could not be completed.  

• Despite this Frege’s contribution to philosophy and 

logic can’t be overstated.  

VI. Analytic Philosophy 

• This is a philosophical tradition that is contrasted with 

the Continental tradition.  

• Despite the flaws in Frege’s work, many philosophers 

still felt that there was much of value in Frege’s 

project. 

• A major goal was to use a logical framework to create 

an ideal, universal language that could avoid all 

confusion and misunderstanding.  

• 2+2=4 

• The hope is that such a language could help resolve 

many longstanding philosophical problems that, in 

many cases, are just a result of a failure to clearly 

define and understand the terms that are used in that 

debate.  

• Let’s take Russell on descriptions. A description is 

when an entity is designated not by a name, but by 



some property which is supposed to be unique to 

that entity. “The golden mountain does not exist.”  

• A big problem here is trying to understand what the 

description “golden mountain” applies to. If this 

object doesn’t exist, then how can we say anything 

about it? Contrast this with “The round square does 

not exist.”  

• Russell analyzes this description as saying, “There is 

no entity c such that ‘x is a golden and mountainous’ 

is true when x is c, but not otherwise.”  

• This is the basis of analytic philosophy which suggests 

that many philosophical controversies are simply a 

result of failing to properly analyze what is meant by 

various philosophical questions and assertions.  

• Once we properly analyze our philosophical concepts 

we will be able to better understand the truth 

conditions of our statements, and investigate 

whether these conditions hold through empirical 

inquiry.  

• This highlights another feature of analytic philosophy 

which is that it tackles problems one at a time rather 

than constructing complex systems. This is a direct 

attack on Hegel.  

• One further feature is that it sets certain traditional, 

philosophical questions as unanswerable and out of 

bounds.  


